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EMBEDDINGS USING UNIVERSAL WORDS IN THE FREE GROUP OF RANK 2
V.H. MIKAELIAN
ABSTRACT. For an arbitrary countable group G = 〈A | R 〉 given by its generators A and
defining relations R we discuss a specific method for embedding of G into a certain 2-
generator group T . Our embedding explicitly lists the images of generators from A in the
group T , and from the relations R it explicitly deduces defining relations for T inheriting
certain special features from R. The obtainedmethod can be used in constructions of explicit
embeddings of recursive groups into finitely presented groups.
1. INTRODUCTION
The objective of this note is to suggest some simple rules for explicit embedding of any
countable group G given by its generators and defining relations into a 2-generator group
T such that the defining relations of T can easily be deduced from those of G, and they
inherit certain features of the relations of G needed for embeddings of recursive groups
into finitely presented groups (see subsection 3.5).
By the well-known theorem of Higman, Neumann and Neumann an arbitrary countable
group G is embeddable into a 2-generated group T [1]. This result called in Robinson’s
textbook [2] “probably the most famous of all embedding theorems” was a starting step for
further research on embeddings into 2-generator groups with related properties. Typically,
such research discusses cases when the embedding has an extra feature (is subnormal, is
verbal, etc.), or when the group T has a required property, including those inherited from
G (is soluble, is generalized soluble or generalized nilpotent, is linearly ordered, residualy
has some property, is simple, etc.). For an outline of the topic see articles [3]–[13] and the
literature cited therein.
In fact, the original embedding method of [1] and some of other embedding construc-
tions cited above already are explicit, and they do allow to compute the relations of T
based on the relations of G. However, we need a method that not only makes discovery
of the relations of T a simple, automated task, but also preserves certain features in them
required for study of embeddings of recursive groups into finitely presented groups (see
references in 3.5 below).
We need the following notations to introduce the embedding. In the free group F2 =
〈x , y〉 of rank 2 consider some universal words:
(1.1) ai(x , y) = y
(x y i )2 x−1y−x, i = 1,2, . . .
(conventional notations x y = y−1x y, x−y = (x−1)y are used here). Assume a generic
countable group G is given by its generators and defining relations as:
G = 〈A | R 〉 = 〈a1, a2, . . . | r1, r2, . . . 〉
where the s’th relation rs ∈ R is a word of length ks on letters, say, ais,1 , . . . , ais, ks∈ A. If we
replace in rs each ais, j , j = 1, . . . , ks, by the respective word ais, j(x , y) defined above, we
get a new word
(1.2) r ′
s
(x , y) = rs
 
ais,1(x , y), . . . , ais, ks
(x , y)

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on just two letters x , y in the free group F2. In these terms:
Theorem 1.1. For any countable group G = 〈a1, a2, . . . | r1, r2, . . . 〉 the map γ : ai → ai(x , y),
i = 1,2, . . . , defines an injective embedding of G into the 2-generator group
TG =


x , y | r ′
1
(x , y), r ′
2
(x , y), . . .

given by its relations r ′
s
(x , y), s = 1,2, . . .
This is noting else but a new formulation of SQ-universality of F2. The proofs of Theo-
rem 1.1 and of its modification Theorem3.2 for torsion-free groups occupy subsections 3.1–
3.3 below. Examples of applications with this embedding can be found in subsection 3.4.
We would like to stress the following case related to the question of Bridson and de la
Harpe mentioned as Problem 14.10 (b) in the Kourovka Notebook [14]: “Find an explicit
embedding of Q in a finitely generated group; such a group exists by Theorem IV in [1]”. The
required explicit embedding of Q into a 2-generator group T was given in [12] in two
manners, using free constructions and wreath products. In the current note we add one
more feature: Q can be explicitly embedded into such a group T the defining relations of
which can also be explicitly listed. In Example 3.5 we display an explicit embedding of Q
into the 2-generator group with directly given defining relations:
TQ =


x , y | (y s)(x y
s)2 x−1y−(x y
s−1)2x−1, s = 2,3 . . .

.
Among other recent research on embeddings of Q into finitely generated groups we
would like to briefly stress the following: [15] continues the linear order relation of rational
numbers inQ onto the whole 2-generator group T , and it shows that the embedding can be
verbal. [13] mentions that Q can never be embedded into a finitely generated metabelian
group T (see Section 7 in [13] and also [16]). [17] provides an explicit verbal embedding
of Q into a 2-generator group T = AQ(m,n) such that the center of T coincides with the
image ofQ, i.e., Z(T )∼= Q. One of the tasks in Problem 14.10 (a) [14] is to find an explicit
embedding of Q into a “natural” finitely presented group. [18] describes how Higman’s
procedure could be modified for a family of groups that includes Q to explicitly embed
each of such groups into a 2-generator finitely presented group. And the first direct solution
to the above problem appeared recently in [19]. Moreover, one of the finitely presented
groups constructed in [19] is the group TA which is 2-generator and simple.
In the final subsection 3.5 we refer to the main motivation that brought us to the study
of embeddings in Theorem 1.1 and Theorem 3.2: the constructive Higman embeddings
[20] of recursive groups into finitely presented groups.
When the text of this note was uploaded to the arXiv.org I had an opportunity to discuss
the topic with Prof. L.A. Bokut’ who remarked interesting parallelism with [21] where A.I.
Shirshov constructed the elements
dk =

a ◦

[· · · (a ◦ b) ◦ b · · · ] ◦ b︸ ︷︷ ︸
k
	
◦ (a ◦ b),
k = 1,2, . . ., in the free associative algebra A with two generators a and b. Here a ◦ b
denotes the Lie algebra product ab − ba, and for details see §4 in [21]. These elements
freely generate a free Lie algebra L(a, b) of countable rank. They are used to define an
embedding of any countably generated Lie algebra into a 2-generator Lie algebra. The set
{dk | k = 1,2, . . .} is “distinguished” in the sense of [22]. Meanwhile, the technique of
our proof is very much different from [21, 22], which makes this parallelism even more
interesting. See also [23] and Remark 3.3 below where we refer to a construction in the
original work of Higman, Neumann and Neumann [1].
The current work is supported by the joint grant 18RF-109 of RFBR and SCS MESCS RA,
and by the 18T-1A306 grant of SCS MESCS RA.
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2. REFERENCES AND SOME AUXILIARY RESULTS
For general group-theoretical information we refer to [2, 24, 25]. If G = 〈A | R 〉 is the
presentation of the group G by its generators A and deifing relations R, then for an alphabet
B disjoint from A and for any set S ⊆ FB of group words on B, we denote by 〈G,B | S 〉 the
group 〈A∪B | R∪S 〉. If ϕ : G → H is a homomorphism defined on a group G = 〈g1, g2, . . .〉
by the images ϕ(g1) = h1, ϕ(g2) = h2, . . . of its generators, we may for briefness refer to
ϕ as the homomorphism sending g1, g2, . . . to h1,h2, . . .
Our proofs in Section 3will be based on free constructions: the operations of free product
of groups, of free product of a groups with amalgamated subgroup, and of HNN-extension
of group by one or multiple stable letters (including the case with infinitely many stable
letters). Background information on these constructions can be found in [25, 26, 27]. Also,
we refer to our recent notes [28, 29, 18] for specific notations that we also share here to
write the free product G ∗ϕ H = 〈G,H | a = a
ϕ for all a ∈ A〉 of groups G and H with sub-
groups A and B amalgamated under the isomorphism ϕ : A→ B; and the HNN-extension
G ∗ϕ t = 〈G, t | a
t = aϕ for all a ∈ A〉 of the base group G by the stable letter t with respect
to the isomorphism ϕ : A → B of the subgroups A,B ≤ G. We also use HNN-extensions
G ∗ϕ1,ϕ2,... (t1, t2, . . .) = 〈G, t1, t2, . . . | a
t1
1 = a
ϕ1
1 , a
t2
2 = a
ϕ2
2 , . . . for all a1 ∈ A1, a2 ∈ A2, . . . 〉
with multiple stable letters t1, t2, . . . with respect to isomorphisms ϕ1 : A1 → B1, ϕ2 :
A2 → B2, . . . for pairs of subgroups A1,B1; A2,B2; . . . in G.
We are going to use certain subgroups of free products with amalgamated subgroups.
Lemma 2.1 is a slight variation of Lemma 3.1 given on p. 465 of [20] without a proof as
“obvious from the normal form theorem for free products with an amalgamation”. The proof
can be found in subsection 2.5 of [28].
Lemma 2.1. Let Γ = G ∗ϕH be the free product of the groups G and H with amalgamated
subgroups A ≤ G and B ≤ H with respect to the isomorphism ϕ : A → B. If G′,H ′ are
subgroups of G,H respectively, such that for A′ = G′∩A and B′ = H ′ ∩ B we have ϕ(A′) = B′,
then for the subgroup Γ ′ = 〈G′,H ′〉 of Γ and for the restriction ϕ′ of ϕ on A′ we have:
(1) Γ ′ = G′ ∗ϕ′ H
′,
(2) Γ ′ ∩ A= A′ and Γ ′ ∩ B = B′,
(3) Γ ′ ∩ G = G′ and Γ ′ ∩H = H ′.
If the amalgamated subgroups are trivial in a given free product with amalgamation,
then that product is nothing but the ordinary free product of the same groups. Applying
this observation to the groups G′ and H ′ with trivial intersections A′ and B′ we get:
Corollary 2.2. In the notations of Lemma 2.1:
(1) if A′ = G′ ∩ A and B′ = H ′ ∩ B both are trivial, then Γ ′ = 〈G′,H ′〉 = G′ ∗ H ′,
(2) if, moreover, A′ is a free group of rank r1, and B
′ is a free group of rank r2, then Γ
′ = Fr
is a free group of rank r = r1 + r2.
3. EMBEDDINGS INTO 2-GENERATOR GROUPS BY UNIVERSAL WORDS
3.1. The universal words in free group of rank 2. Let F = FA be a free group on a
countable alphabet A = {a1, a2, . . .}. Fix a new generator a, and in the free product F
′ =
F ∗ 〈a〉 set the isomorphisms of cyclic subgroups ϕi : 〈a〉 → 〈aia〉 sending a to aia, i =
1,2, . . . Define the respective HNN-extension:
P = F ′ ∗ϕ1,ϕ2,... (t1, t2, . . .) = 〈F
′, t1, t2, . . . | a
ti = aia, i = 1,2, . . . 〉.
Clearly, the stable letters t i, i = 1,2, . . . , generate in P a free subgroup X of countable
rank. It is simple to pick an auxiliary 2-generator group with a subgroup isomorphic to
X : in the free group Y = 〈y, z〉 the elements t ′
i
= y iz i, i = 1,2, . . . , freely generate the
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subgroup X ′ = 〈t ′
1
, t ′
2
, . . .〉 of countable rank. Amalgamating X and X ′ according to the
isomorphism ψ sending t1, t2, . . . to t
′
1
, t ′
2
, . . . we get the group
Q = P ∗ψ Y = 〈 P, y, z | t i = t
′
i
, i = 1,2, . . . 〉.
This group can already be generated by three elements a, y, z because its generators
ai = aia · a
−1 = atia−1 = at
′
ia−1 and t i = t
′
i
= y iz i, i = 1,2, . . .
all are in 〈a, y, z〉. By construction of P no non-trivial power of a is in X , and by construction
of Y no non-trivial power of y is in X ′, that is, the intersections 〈a〉 ∩ X and 〈y〉 ∩ X ′ both
are trivial. This by Corollary 2.2 implies that 〈a, y〉 is a free subgroup of rank 1+ 1= 2 in
Q. Introducing a new stable letter x for the isomorphism π : 〈y, z〉 → 〈a, y〉 sending y, z
to a, y, we construct:
(3.1) F2 =Q ∗π x = 〈Q, x | y
x= a, z x= y〉 =
 
(F ∗ 〈a〉) ∗ϕ1,ϕ2,...(t1, t2, . . .)

∗ψ S

∗π x .
This seems to cause confusion, as we earlier used F2 to denote the free group of rank 2
on the alphabet {x , y}. Let us verify that, in fact, (3.1) coincides with that free group.
Firstly, F2 is generated by {x , y} because a and z can be expressed as some words on
x , y:
a = y x = a(x , y), z = y x
−1
= z(x , y).
Using these we can also express as words on x , y all the above discussed generators:
t i = t
′
i
= y iz i = y i x y i x−1= t ′
i
(x , y) = t i(x , y),
(3.2)
ai = a
tia−1= y x y
ix y ix−1y−x = y (x y
i )2 x−1y−x = x(y−ix−1)2 y (x y i)2x−2 y−1x = ai(x , y).
Secondly, F2 is free on {x , y} because all the relations demanded by our “nested” free con-
struction (see the right-hand side in (3.1)) already hold onwords a(x , y), ai(x , y), t i(x , y),
t ′
i
(x , y), y, z(x , y), x in F2, as it is easy to verify:
a(x , y)ti(x ,y) = (y x) y
i x y i x−1= y x y
i x y i x−1y−xy x = ai(x , y) a(x , y),
t ′
i
(x , y) = t i(x , y), y
x = a(x , y), z(x , y)x =
 
y x
−1x
= y.
(3.3)
No relations actually needed “to bind” x with y, and so (3.1) is free on x , y.
Clearly, F¯ =


a1(x , y), a2(x , y), . . .

is an isomorphic copy of F inside F2, and for any
word r(ai1 , . . . , aik) ∈ F we have a word
r ′(x , y) = r
 
ai1(x , y), . . . , aik(x , y)

∈ F¯ ≤ F2
obtained by replacing each ai j by ai j(x , y), j = 1, . . . , k.
3.2. The embedding construction. Assume a countable group G is given as G = 〈A |
R 〉 = 〈a1, a2, . . . | r1, r2, . . . 〉 where the s’th relation rs(ais,1 , . . . , ais, ks) is a word on ks letters,
as mentioned in Introduction. To such a relation we put into correspondence the word
r ′
s
(x , y) defined in F¯ by (1.2). The set of such words for all s = 1,2, . . . form a subset
R¯ =

r ′
1
(x , y), r ′
2
(x , y), . . .
	
with the normal closure N¯ = 〈R¯〉F¯ in F¯ . Since F¯ ∼= F , we have
N¯ ∼= N and F¯/N¯ ∼= F/N ∼= G. Next define N˜ = 〈R¯〉F2 to be normal closure of R¯ in the
whole group F2.
The natural homomorphism ν : F → G ∼= F/N is sending ai to gi = Nai, i = 1,2, . . . ,
and we may consider the “updated” isomorphisms ϕi : 〈a〉 → 〈gia〉 of cyclic subgroups in
the free product G ∗ 〈a〉 (for simplicity we do not introduce new letters for these ϕi). In
analogy with (3.1) we build another “nested” free construction:
(3.4) H =
 
(G ∗ 〈a〉) ∗ϕ1,ϕ2,...(t1, t2, . . .)

∗ψ Y

∗π x
by using the new isomorphisms ϕi and the same isomorphisms ψ and π as used above to
define Q and F2.
EMBEDDINGS USING UNIVERSAL WORDS 5
The natural homomorphism ν can be extended to a homomorphism ν¯ from the group
F2 onto H by requiring ν¯ to agree with ν on F , and to fix each of the remaining generators
a, t1, t2, . . . , y, z, x .
It turns out that the relations R¯ already are enough to define the group H because from
(3.4) it is clear that all other equalities ati = gia, t i = t
′
i
, y x = a, z x = y of H do follow,
like in (3.3), from representation of the generators via x , y.
Since G trivially is embedded into H, the subgroup (F¯ N˜)/N˜ of F2/N˜ is isomorphic to
F¯/N¯ ∼= G. On the other hand we have (F¯ N˜ )/N˜ ∼= F¯/(F¯ ∩ N˜ ). But since N¯ is the kernel of
the natural homomorphism from F¯ to F¯/N¯ ∼= G, we get that F¯ ∩ N˜ ≤ N¯ . Since also N¯ ≤ F¯
and N¯ ≤ F˜ , we have F¯ ∩ N˜ = N¯ .
This construction together with 3.1 prove the following technical lemma:
Lemma 3.1. Let F2 = 〈x , y〉 be a free group of rank 2 with elements ai(x , y) defined in (1.1)
generating the subgroup F¯ =


ai(x , y) | i = 1,2, . . .

in F2. For any subgroup N in F¯ let N¯
and N˜ denote the normal closures of N in F¯ and in F2 respectively. Then:
F¯ ∩ N˜ = N¯ .
Nowwe can conclude the proof of Theorem1.1 as follows. Let themap γ, the group TG =

x , y | r ′
1
(x , y), r ′
2
(x , y), . . .

, and the relations r ′
s
(x , y) = rs
 
ais,1(x , y), . . . , ais,ks(x , y)

be
those mentioned in the theorem. Since the elements a1(x , y), a2(x , y), . . . generate an
isomorphic copy F¯ of F in F2, we have G
∼= F¯/N¯ . Since N¯ = F¯ ∩ N˜ by Lemma 3.1, then:
G ∼= F¯/N¯ = F¯/(F¯ ∩ N˜ ) ∼= (F¯ N˜)/N˜ .
But F¯ N˜ is in the whole F2, and so (F¯ N˜ )/N˜ clearly is a subgroup in F2/N˜
∼= T .
Theorem 1.1 provides a very easy way to embed a countable group G = 〈a1, a2, . . . |
r1, r2, . . . 〉 into a 2-generator group TG the relations of which are trivially obtained by just re-
placing in r1, r2, . . . all occurrences of the letters a1, a2, . . . by expressions a1(x , y), a2(x , y), . . .
Notice that TG does depend on the particular presentation G = 〈A | R 〉, and for a different
choice of A and R we may output another 2-generator group. However, we do not want to
note it as T〈A |R 〉 because this would bring to bulky notations in examples in subsection 3.4.
3.3. Some simplification for torsion free groups. The isomorphisms ϕi : 〈a〉 → 〈aia〉
sending a to aia used in 3.1 cannot, in general, be replaced by isomorphisms sending a to
ai, i = 1,2, . . ., because when gi ∈ G from 3.2 is an element of finite order, then 〈a〉 and
〈gi〉 are not isomorphic, and they can no longer be used as associated subgroups. This is
the reason why we used gia instead. But when G is torsion-free, this obstacle is dropped,
and we can replace aia by ai. This allows to replace ai(x , y) of (3.2) by a shorter word
(3.5) a¯i(x , y) = a
ti = y (x y
i )2x−1, i = 1,2, . . .
Replacing in rs each ais, j by a¯is, j(x , y), we get other, shorter than r
′
s
(x , y) word
r ′′
s
(x , y) = rs
 
a¯is,1(x , y), . . . , a¯is, ks
(x , y)

on letters x , y in the free group F2. We have the following analog of Theorem 1.1:
Theorem 3.2. For any torsion-free countable group G = 〈a1, a2, . . . | r1, r2, . . . 〉 the map
γ : ai → a¯i(x , y), i = 1,2, . . . , defines an injective embedding of G into the 2-generator
group
TG =


x , y | r ′′
1
(x , y), r ′′
2
(x , y), . . .

given by its relations r ′′
s
(x , y), s = 1,2, . . .
Adaptation of the proof in 3.1 and in 3.2 for this case is trivial.
Remark 3.3. The readermay collate the above constructions with pages 252–254 in [1]. We
used some ideas from there and from [20], but our proof is briefer, and we produced shorter
words ai(x , y). Compare them with words ei = a
−1b−1a b−ia b−1a−1bia−1b a b−ia b a−1bi
used in [1]. And we have even shorter words a¯i(x , y) for torsion-free groups.
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3.4. Examples of explicit embeddings. Here are some applications of the method with
Theorem 1.1 and with Theorem 3.2.
Example 3.4. The free abelian group G = Z∞ of contable rank can be given as
G =


a1, a2, . . . | [ak, al], k, l = 1,2 . . .

by its relations rs = rk,l = [ak, al]. Since G is torsion-free, we can use the shorter formula
(3.5) to map each ai to respective a¯i(x , y). This defines an embedding of Z
∞ into the
2-generator group:
TZ∞ =


x , y |

y (x y
k)2 x−1, y (x y
l )2 x−1

, k, l = 1,2 . . .

.
Example 3.5. The additive group of rational numbers G = Q can be presented [30] as:
G =


a1, a2, . . . | a
s
s
= as−1, s = 2,3 . . .

where the generator ai corresponds to the fractional number
1
i!
with i = 2,3 . . . Rewrite
each as
s
= as−1 as a
s
s
a−1
s−1
and use the latter as the relation rs = rs(as−1, as) for each s =
2,3 . . . Since G again is torsion-free, we can use the shorter formula (3.5) to map each
ai =
1
i!
to a a¯i(x , y). After easy simplification a¯i(x , y) =
 
y (x y
i )2x−1
i 
y (x y
i−1)2x−1
−1
=
(y i)(x y
i)2 x−1 y−(x y
i−1)2x−1 we get an embedding of Q into the 2-generator group:
TQ =


x , y | (y s)(x y
s)2x−1 y−(x y
s−1)2x−1, s = 2,3 . . .

.
Example 3.6. The quasicyclic Prüfer p-group G = Cp∞ can be presented as:
G =


a1, a2, . . . | a
p
1 , a
p
s+1= as, s = 1,2 . . .

where the generator ai corresponds to the primitive (p
i)’th root ǫi of unity [24]. As this
group is not torsion-free, we have to use the rather longer formula ai(x , y) from (3.2)
as the image of ai. For the first relation a
p
1 of G we get the new relation a1(x , y)
p = 
y (x y)
2 x−1y−x
p
. Next, rewrite each a
p
s+1 = as as a
p
s+1a
−1
s
, and use this as the relation rs =
rs(as, as+1), with s = 1,2 . . . The respective new relation will be 
y (x y
s+1)2 x−1y−x
p 
y (x y
s)2 x−1y−x
−1
=
 
y (x y
s+1)2 x−1y−x
p
y x y−(x y
s)2 x−1.
And we have an embedding of Cp∞ into the 2-generator group:
TCp∞ =


x , y |
 
y (x y)
2 x−1y−x
p
,
 
y (x y
s+1)2 x−1y−x
p
y x y− (x y
s)2 x−1, s = 1,2 . . .

.
3.5. Usage in embeddings of recursive groups. Themainmotivationwhywe needed the
embeddings of Theorem 1.1 and Theorem 3.2 concerns study of constructive embeddings
of recursive groups into finitely presented groups, i.e., constructive Higman embeddings
[20] (see, in particular, the references to embeddings of Q into finitely presented groups
related to Problem 14.10 (a) [14] mentioned in Introduction).
One of the steps of the embedding for a recursive group G = 〈a1, a2, . . . | r1, r2, . . . 〉 (i.e.,
of a group with recursively enumerable relations r1, r2, . . .) into a finitely presented group
is the preliminary embedding to G into a 2-generator group T = TG. And this group T need
also have recursively enumerable set of relations. The simple, automated embeddings that
we built above do preserve that property.
Moreover, we need embeddings preserving special features of relations. For the details
we refer to [18], and give just rough idea here. Each relation of a 2-generator group T can
be coded by means of a certain sequence of integers. This allows to study the recursively
enumerable sets of relations by means of certain sets of sequences of integers in [20]. As
we see in [18], the embeddings of Theorem 1.1 and Theorem 3.2 guarantee some close
correlation between the relations of G and those sets of sequences, which allows us to build
constructive embedding of G into a finitely presented group.
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In particular, compare Example 3.4 from this note to Example 3.1, Example 3.2 and
Example 4.11 with “abacus machine” in [18].
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